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Abstract 

The quantum modes of a new family of relativistic oscillators are 
studied by using the supersymmetry and shape invariance in a version 
suitable for (1+1) dimensional relativistic systems. In this way one 
obtains the Rodrigues formulas of the normalized energy eigenfunc- 
tions of the discrete spectra and the corresponding rising and lowering 
operators. 
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1 Introduction 



In general relativity, the geometric models play the role of kinetics, help- 
ing us to understand the characteristics of the classical or quantum free mo- 
tion on a given background. One of the simplest geometric models in (1+1) 
dimensions is that of the quantum relativistic oscillator (RO) defined as a 
free massive scalar particle on the anti-de Sitter static background |], ||, 0]. 
Recently, we have generalized this model to a family of quantum models of 
RO whose metrics are one-parameter deformations (i.e. conformal transfor- 
mations) of the anti-de Sitter or de Sitter ones M. As it is shown in Refs.]^], 
the deformed anti-de Sitter metrics give the relativistic correspondents the 
usual nonrelativistic Poschl- Teller (PT) problems while the deformed de Sit- 
ter metrics generate relativistic Rosen- Morse (RM) problems 0. A remark- 
able property of these RO is that all of them have as nonrelativistic limit 
just the usual nonrelativistic harmonic oscillator (NRHO) [ffl. 

In these relativistic models the Klein-Gordon equation is analytically solv- 
able in the same manner as the Schrodinger equation of the mentioned well- 
studied nonrelativistic problems. This allows one to study the RO by using 
the successful methods of supersymmetry and shape invariance J/J with mini- 
mal changes requested by the specific form the Klein-Gordon equation ||. In 
this way one can derive the normalized energy eigenfunctions of the discrete 
energy spectrum and the form of the shift operators of the energy basis that 
are involved in the structure of the dynamical algebras ||. 

Here we would like to present a systematic study of our family of RO 
based on the supersymmetry and shape invariance of the relativistic poten- 
tials, pointing out the main specific features of the PT and RM relativistic 
problems. We believe that this first example of a family of metrics generat- 
ing analytically solvable quantum problems could be of interest for further 
investigations concerning the supersymmetry of other solvable relativistic 
quantum models in (3+1) dimensions [ITU, |TT] or more |T2| . 

We start in Sec. 2 with a short review of the (1+1) relativistic scalar 
quantum mechanics constructed as the one-particle restriction of the theory 
of the scalar free field on curved space-time. We define the state space in the 
coordinate representation and we introduce the coordinate and momentum 
operators. In Sec. 3 we present the relativistic PT and RM oscillators giv- 
ing their energy spectra and the energy eigenfunctions up to normalization 
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factors. The relativistic supersymmetry and the shape invariance of the rel- 
ativistic PT and RM potentials are used in the next section for deriving the 
definitive form of the normalized energy eigenfunctions of the discrete energy 
spectra. The Sec. 5. is devoted to the properties of the shift operators of the 
energy bases of our RO. Therein we recover the known shift operators of the 



PT models |13| and we derive those of the RM models. 



2 Relativistic quantum mechanics 



It is well-known that the one-particle relativistic quantum mechanics can- 
not be constructed as an independent consistent theory because of some dif- 
ficulties related to the probabilistic interpretation of the relativistic wave 
functions. The good theory of the relativistic quantum systems is in fact 
the quantum field theory where the second quantization guarantees a coher- 
ent probabilistic interpretation. In these conditions, the relativistic quantum 
mechanics, in the sense of general relativity, can be seen as the one-particle 
restriction of the quantum field theory on curved backgrounds. Herein the 
quantum modes of the scalar particle in external gravitational field are given 
by the particular solutions of the free Klein-Gordon equation. These may 
form a basis in the space of wave functions organized as a Hilbert space with 
respect to the scalar product derived from the expression of the conserved 
electric charge [14]. 



2.1 The Klein-Gordon equation in special frames 

Let us consider a (l+l)-dimensional background with a static local chart 
(i.e., natural frame) of holonomic coordinates (u°, u 1 ) = (t,u) where the 
metric tensor defined on the space domain D u is g^^u), /i, v = 0,1, and 
g = det(g M i,). The one-particle quantum modes of a scalar field of the 
mass m, minimally coupled with the gravitational field, are given by the 
Klein-Gordon equation 

~^d, {y/^ggTW) + m 2 <P = , (1) 
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written in natural units with % = c = 1. Since in the static charts the 
energy, E, is conserved, the Klein-Gordon equation has a set of fundamental 
solutions (of positive and negative frequencies), 

<P { +\t,u) = J= e - iEt U E {u) , = (0( + >)* , (2) 

which depend on the static energy eigenfunctions Ue- These may be or- 
thonormal (in usual or generalized sense) with respect to the relativistic 
scalar product [[U 



(U,U')= du n(u)U(u)*U'(u) (3) 
Jd u 

where 

/i = V^9°° (4) 
is the specific relativistic weight function of the scalar field. The Hilbert 
space of the square integrable functions with respect to this scalar product is 
denoted by C 2 {D u ,jj). Oviously, the set of the wave functions Ue represents 
an usual or generalized basis in this space. This will be called the energy 
basis. 

In the case of the static backgrounds, a change of the space coordinates 
does not change the quantum modes. On the other hand, it is known that in 
(1+1) dimensions any static background has a special natural frame where the 
metric is the conformal transformation of the Minkowski flat one. Starting 
with any natural frame (t, u), the space coordinate of the special frame (t, x) 
reads 

x = x( u ) — du jj,{u) + const. , (5) 



where the constant assures the condition x(0) = 0. In the special frame 
we have (/oo^) = — 9ii{ x ) an d p>(x) = 1. Therefore, the scalar product (||) 
becomes just the usual one of the Hilbert space C 2 (D) where D is the domain 
of the coordinate x corresponding to D u . 

If we denote ^oo = 1 + u, then we can write the line element of the special 
frame as 

ds 2 = [1 + v(x)](dt 2 - dx 2 ) (6) 
while the Klein-Gordon equation takes the form 

+ U E {x) = {E 2 -m 2 )U E {x) (7) 
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where Vr = m 2 v. We say that this is the relativistic potential since in the 
nonrelativistic limit Vn/2m becomes just the usual potential of the corre- 
sponding Schrodinger equation. 

2.2 Observables 



The linear operators on C? (denoted here using boldface) can be defined 
either by giving their matrix elements in a countable basis of C 2 or as differen- 
tial operators in the coordinate representation. The most general differential 
operator we use in an arbitrary frame (t, u) has the form 



(DE7)(t*) 



f(u)l + h(u) 



U{u) 



(8) 



depending on two real functions / and h. Its adjoint with respect to the 
scalar product (|3]) is 



D f = D + i 



1 d(fif) 
fi du 



2h 



(9) 



where 1 is the identity operator. Hereby, we see that for h = d u (nf)/2n the 
operator D is self-adjoint |L5], ||. 

The consequence is that we can introduce a unique pair of self-adjoint 
coordinate and momentum operators defining their action in any natural 
frame (t, u). One can easily verify that the following definitions, 



(XU){u)= X {u)U{u) 



[PU)(u) 



1 dU(u) 
(i(u) du 



are satisfactory since the commutation relation 

fP,Xl =il 



(10) 



(11) 



is just the desired one. Obviously, in the special frame (t, x) these operators 
have the same action as in the case of the Minkowski flat space-time, namely 



(XU)(x) =xU(x), 



[PU)(x) 



.dUjx) 
dx 



(12) 
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Furthermore, one can put the Klein-Gordon equation (|7|) in operator form, 

H 2 = m 2 l + A[Vr] , (13) 

where H is the Hamiltonian operator defined by HUe = EUe and 

A[V] = P 2 + V{X). (14) 

Thus we have obtained the main operators on C 2 . The whole algebra of 
observables is that freely generated by the operators X and P, like in the 
Schrodinger picture of the nonrelativistic one-dimensional quantum mechan- 
ics. 



3 Relativistic Oscillators 



The new geometric models of RO we discuss here are simple systems of 
free test particles that move on static backgrounds simulating oscillations. 
This means that there are local charts of coordinates (t, u) where an observer 
at u = moving along the direction dt observes an oscillatory geodesic mo- 
tion. These charts called proper natural frames have line elements |3J], 

, o ,o 1 + (1 + X)UJ 2 U 2 , , 1 + (1 + X)U) 2 U 2 , , 

ds 2 = g 00 dt 2 + 9ll du 2 = \ > dt 2 - - \ > du 2 , 15 

i + \ijj i u i (i + \i>j i u i y 

depending on a real parameter A. Thus one obtains a family of metrics which 
are conformal transformations either of the anti-de Sitter metric (as given in 
Ref. 0) or of the de Sitter one. The anti-de Sitter metric with A = — 1 is also 
included in this family. A special case is that of A = when we say that the 
line element 

ds 2 = (1 + oo 2 u 2 )(dt 2 - du 2 ) (16) 

defines the normal RO. In Ref M it is shown that the quantum models with 
A < have countable energy spectra while for A > the energy spectra 
are mixed, with a finite discrete sequence and a continuous part. All these 
models will be presented here in the special frames (t, x) associated with 
the proper frames (t, u) defined above. The advantage is that in the special 
frames our RO appear either as PT or as RM relativistic systems which 
can be analytically solved like those known from the nonrelativistic quantum 
mechanics. 
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3.1 The relativistic Poschl- Teller models 



Let us consider first the models with A < when the metrics are conformal 
transformations of the anti-de Sitter one. We denote 

A = -e 2 , Cj = eu } e>0 (17) 

and calculate the space coordinate of the special frame. According to Eq. (H) 
we obtain ^ 

x = — arcshwu (18) 
while from Eq.(|T5|) we write the line element in this frame, 

ds 2 = + — tan 2 Cjx) {dt 2 - dx 2 ) , (19) 

where the space domain is D = (— 7r/2u>, ir/2u) because of the event horizon 
at ±7r/2a). The relativistic potential, 

2 

VpT^k, x) = tan 2 Cjx = Cj 2 k{k — 1) tan 2 Cjx , (20) 
is a PT one depending on the new parameter 



In the following we use k instead of m, as the main parameter of the PT 
models that will be denoted from now by (k). 

The Klein-Gordon equation (0) of the model (k) with the potential ( p0|) 
can be written as 



1 d 2 k{k 



to 2 dx 2 cos 2 Cjx 



U(x) = v 2 U[x) (22) 



where 

E 2 f l\ m 2 E 



^ 2 = ^- (l--)^ = ^ + (l- e 2 )k(k - 1) . (23) 



Its solutions 



U (x) ~ sin 2s Cjx cos 2p CjxF (s+p , s + p H — ,2s H — , sin 2 Cjx\ , (24) 

\ 2 2 2 / 
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are expressed in terms of Gauss hypergeometric functions JT6) whose param- 
eters s and p are solutions of the equations 2s(2s — 1) = and 2p(2p — 1) = 
k(k — 1). The wave functions have good physical meaning only when 
F is a polynomial selected by a suitable quantization condition (since other- 
wise F is strongly divergent for x — > ±7t/2cj). Therefore, we introduce the 
quantum number n s and impose 

z/ = 2{n s + s + p) , n s = 0,1,2, ... . (25) 

In addition, we choose the boundary conditions of the regular modes fllOl 
given by 2s = 0, 1 and 2p = k. Then the energy levels 

E K 2 = u 2 [(k + n) 2 + (e 2 - l)k(k - 1)] (26) 

depend only on the main quantum number, n = 2n s + 2s, which takes even 
values if s = and odd values for s = 1/2. Particularly for the anti-de Sitter 
model with e = 1 we recover the well-known result Ek, n = u(k + n) ||. 

The next step is to derive the concrete form of the normalized energy 
eigenfunctions corresponding to these energy levels. According to Eqs.(|2^ 
and (03), these are 



Uk,n{x) = Nk }n sm 2s Cox cos k CjxF ^— n s , n s + k + 2s, 2s + ^, sin 2 Cjx^j , (27) 

where the normalization constants Nk, n might be calculated with the help of 
the scalar product of C 2 (D). However, there is another efficient method based 
on supersymmetry and shape invariance giving directly the Rodrigues 
formula of the normalized eigenfunctions. This will be presented in the next 
section. 

We specify that our PT models are well-defined for any k G [1, oo) since 
the limit k — > 1 (when m — > 0) has a good physical meaning. Indeed, in this 
case the massless particle remains confined to the rectangular infinite well of 
width tt/uj having the equidistant energy levels 

£ 1>n = £(n + l), (28) 

corresponding to the normalized eigenfunctions 

Ux, n {x) = ^sm{n+l)(^-ux^j, n = 0,1,2,.... (29) 

Notice that this is a pure relativistic model since its nonrelativistic limit does 
not make sense. 
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3.2 The relativistic Rosen-Morse models 



For A > the metrics of RO are conformal transformations of the de 
Sitter metric. Now we change the significance of e and put 

2 



A = c , : r ^' . 



e > 0. 



Furthermore, from Eq.([5D we find 



x = — arcsinh Cju 
and from Eq.(|I^) we obtain the line element 

ds 2 = (l + — tanh 2 Cjx\ (dt 2 — dx 2 ) 



(30) 



(31) 



(32) 



in the special frame where the space domain is D = (— oo, oo). These metrics 
define relativistic RM models whose potentials, 

,2 



m 



VrmU, x) = — tanh Cjx = Cj j(j + 1) tanh odx . 



depend on the parameter 



1 1 



J 



e 2 u 2 4 2 



(33) 



(34) 



Like in the case of PT models, we consider that j is the main parameter of 
the RM models, denoted by (j). 

Now the Klein-Gordon equation is 



1 d 2 + + 



Cj 2 dx 2 ' cosh 2 



ux 



where 



v 



E 2 
-— + (1 



m 



U(x) = v 2 U[x) 



E 



-— + (1 + e')j{j + 1; 



(35) 



(36) 



The solutions 



U (x) ~ sinh 2s Cjx cosh 2p CjxF ( s + p ,s + p-\ — ,2s H — , — sinh 2 Cjx 

\ 2 2 2 i 



(37) 
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depend on the parameters s and p which satisfy 2s = 0, 1 and 2p(2p — 1) = 
j(j + 1). Like in the nonrelativistic case, the relativistic RM models have 
mixed energy spectra with a finite discrete sequence and a continuous part 

I- 

The discrete levels arise from the quantization condition 

= 2(n s + s + p), n s = 0,1,2,... (38) 

One can show that the corresponding energy eigenfunctions are square in- 
tegral) le only when 2p = —j and the quantum main number n = 2n s + 2 s 
takes the values n = 0, 1, n max < j. Therefore, these are 

Uj, n (x) = Nj^ n sinh 2s ujx cosh - - 2 ujxF (^—n s , n s — j + 2s, 2s + -, — sinh 2 tox^j . 

(39) 

Hence it results that the discrete energy spectrum is finite having n max + 1 
levels where n max is the highest integer smaller than j. This spectrum is 
included in the domain [m, m*Jl + 1/e 2 ) since the energy levels are 

Ej/ = Cj 2 [-(n-j) 2 + (e 2 + + 1)], n = 0,l,2...7W- (40) 

The definitive form of the normalized energy eigenfunctions of the discrete 
spectrum will be calculated in the next section by using the shape invariance 
of the RM potentials. 

The continuous spectrum cover the domain [mJ\ + 1/e 2 , oo) where we 
have v = The generalized energy eigenfuctions of this spectrum are 

tempered distributions of the form (|37D with 2s = 0, 1 and 2p = —j. We 
note that for m —>■ (when j — > 0) the discrete spectrum disappears while 
the continuous one becomes [0, oo). In this model the massless test particle 
move like in flat space-time and, therefore, it does not have nonrelativistic 
limit. 

3.3 The normal RO and the nonrelativistic limit 

Our family of RO is continuous in A = This means that the limits 
for e — > of the PT and RM models must coincide. Indeed, according to 
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Eqs.fllBD and ( pT| ) we find that in this limit x — > u while from Eqs.(|2T|) and 



( p4|) it results that for any model with m^Owe have k — > oo, j — > oo but 



lime 2 /c = lime 2 ?' = — . (41) 

Furthermore, we can verify that the finite discrete spectra of the models with 
A > become countable while the continuous spectra disappear in a such a 
manner that the RM models and the PT ones have the same limit which is 
just the normal RO (with A = 0). The special frame of this model coincides 
with the proper one where the metric is defined by Eg . (|i~6D . Therefore, the 
relativistic potential is 

V (u) = \imV PT (x) = \imV RM (x) = m 2 uj 2 u 2 (42) 

and the Klein-Gordon equation 
d 2 



i 2 2 2 

+ m oo u 



u£\u) = {E n 2 -m 2 )U^{u) (43) 



du 2 

gives the familiar energy eigenfunctions of the NRHO, 

UV> = (^) 1/4 -L=e-^ 2 H n (V^u) , (44) 
(where H n are Hermite polynomials), but relativistic energy levels, 

E^ 2 = m 2 + 2mw{n + -) . (45) 

In the nonrelativistic limit (defined by m/uj — > oo), the normal RO be- 
comes the NRHO with the potential Vo/2m and usual energy levels. The 
nonrelativistic limit of the other models, with m ^ and A ^ 0, can be 
easily calculated if we observe that, according to Eqs.(^) and ([34]), this is 
equivalent with the limit A — > and, in addition, m ^> to. Hereby it results 
that all the RO with m > have the same nonrelativistic limit like that of 
the normal RO of the mass m, namely the usual NRHO. On the other hand, 
it is interesting that in this way we can show that the parameter A, or the 
parameter e related to it, does not have a direct nonrelativistic equivalent, 
since the terms involving A vanish in this limit. 
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4 Super symmetry and Shape invariance 



A relativistic supersymmetric quantum mechanics can be constructed in 
the same way as the nonrelativistic one. The main problem here is to find 
the operator which should play the role of Hamiltonian. We shall show that 
this is the operator ( |i~4"| ) with a suitable translated potential. 



4.1 Supersymmetry 



Let us start with a (l+l)-dimensional relativistic model with the potential 
Vr giving finite or countable energy spectrum. First we denote the energy 
levels by and the corresponding energy eigenfunctions by U^~\ Then 
Eq.(|^) in the special frame can be written as 

AiV^U^ = d^Ut\ n = 0,1,2,... (46) 

where 

V^ = V R -(E { - )2 -m 2 ) (47) 

and 

& = Et?-Et ) ■ (48) 
Herein we have translated the spectrum of A in a such a manner to accom- 
plish the condition = we need for defining the superpotential @] 

Then we have V- = W 2 — W (with the notation ' = d x ) and the super- 
symmetric partner (superpartner) potential of V_ reads V + = W 2 + W = 
— V- + 2W 2 . Furthermore, we introduce the operator 

A = —iP + W(X) (50) 

which satisfies 

[A, A 1 "] = 2W'(X.) (51) 
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and help us to write 

A[VL] = A f A , A[V+] = A A 1 " . (52) 

Now, like in the nonrelativistic case ]7|], we can convince ourselves that 
the spectrum of the eigenvalue problem 

A[V + ]^ +) = (53) 

coincides with that of Eq.(^), apart of the eigenvalue = 0. Thus we 
have g^ + ) = g4+\, n = 0, 1, 2, .., while the normalized eigenfunctions of A[VL] 
and A[V+] satisfy 

Al/H = V ^uit\ , At[/« = ,fy/ifr>uP (54) 

where 77 is an arbitrary phase factor. 

Hence, we can say that the (1+1) relativistic supersymmetric quantum 
mechanics has the same main features as the nonrelativistic one. It remains 
us to study the shape invariance of the relativistic potentials of the RO 
related through supersymmetry. 

4.2 Shape invariance 

Let us consider the PT model (k) and identify = Uk, n and E$~) = 
Ek, n - Then the differences fl4"5|) are 

4~ } = 4,n = E K 2 - E kfi 2 = u 2 n(n + 2k), (55) 

and from Eqs. Q4"7D and ( PU[ ) we obtain 

V-(k,x) = V PT {k,x) + m 2 - E k / = uj 2 [k{k - l)tan 2 wx - k], (56) 

On the other hand, the normalized ground-state eigenfunction calculated 
from Eq.@7D, 

U k , (x) = (^pj 



r(fc + i) 
r(* + §) 



COS LUX , 



(57) 
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gives the superpotential W(k,x) = uktanux which allows us to find the 
superpartner of V-, 

V+(k, x) = -V^{k, x) + 2W(k, x) 2 = co 2 [k(k + 1) tan 2 Cox + k] . (58) 

Moreover, with this superpotential the operator (|50|) reads 

A fc = -iP + Qjk tan CoX. = - cos k CoX (iP) cos~ fc CoX (59) 

while from Eq.(|5T|) we obtain 

[A fc ,Al]=2^ 2 l + ^(A fc + Ai) 2 . (60) 

Now we observe that the potentials V-(k) and V+{k) are shape invariant 
since 

V+(k,x) = V-(k + l,x) + Co 2 (2k + 1). (61) 

Consequently, we can identify = Uk+i >n which means that the normal- 
ized energy eigenfunctions satisfy 



l,n-l — V dk,nUk,n- (62) 



as it results from Eqs.(^) with rj = 1. Thus we have related the energy 
eigenfunctions of the model (k) with those of its superpartner model, (fc + l). 
In general, we can write any normalized energy eigenfunction of the model 

(k) as 

_ i 

Uk,n = - 



uj n yn 



T{n + 2k) 



T{2n + 2k) 



2 

AfcA fe+1 ...A fe+n _ 1 C/ fc+n) o. (63) 



where Uk+ n ,o is the normalized ground-state eigenfunction of the model (k+n) 
given by Eq. (|5TD . 

For the relativistic RM models we use the same method starting with the 
model (j) and denoting U}~> = U^ n and E\~> = Ej >n . Then the differences 
(H) are 

4") = d jin = E j;n 2 - E j;0 2 = Co 2 n(2j - n), (64) 
and, according to (p3|), we have 

V. {j, x) = V RM (j, x)+m 2 - E 2 = Co 2 [j + tanh 2 Cox - j}. (65) 
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From Eq.fl39"|) we find the normalized ground-state eigenfunction 



U j:0 {x) 



UJ 



71 



2\ 4 



cosh 3 LUX . 



giving the superpotential W(j,x) = Coj tanh Cjx. Hereby we obtain 
V + (j, x) = -V_(j, x) + 2W(j, xf = u 2 [j(j - 1) tanh 2 ux + j] . 
Now the operator ( [SUP reads 

Aj = —iP + Cjj tanhcuX = — cosh - - 7 wX (iP) cosh- 7 u)X 



while Eq . (|5lD gives 



[A„At] = 2^ 2 l-l(A i + A]) 2 . 



The potentials and V^j) are shape invariant since 

V+(j,x) = V-(j-l,x)+u; 2 (2j-l). 



(66) 



(67) 



(68) 



(69) 



(70) 



Consequently, as in the previous case, we find that the normalized energy 
eigenfunctions satisfy 



^j^j,n — \fdj,nUj-l t n-l, 



l,n-l 



(71) 



if we take r] = 1 in Eqs. (|52|) . Thus we have obtained the relation between 
the sets of energy eigenfunctions of the superpartner models (j) and (j — 1). 
Moreover, we can also express the normalized eigenfunctions as 



U. 



r(2j - 2n + 1) 
T(2j-n + l) 



A TAT AT TJ. 



(72) 



where now £/j_ n ,o is the normalized ground-state eigenfunction of the model 
(j — n) given by Eq. (|66|) . 
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4.3 The normalized energy eigenfunctions 



The normalization of the energy eigenfunctions of the PT models may 
be easily done in usual way but for the RM models there are some technical 
difficulties that can be avoided by using the previous results. Indeed, we ob- 
serve that the Eqs.flB3|) and ( 17% ) are nothing else than the operator form of 
the Rodrigues formulas of the normalized eigenfunctions (in our phase con- 
vention with 7] = 1). Therefore, it remains only to rewrite their expressions 
in usual form. 

For the PT models we replace the operator (|59| ) in Eq. (|63"D which takes 
the form 



U, 



-r 



T(n + 2k) 
Y(2n + 2k) 
1 



d 



d 



cos 

d 



UJX- 



cos Cox dx 



dx cos Cjx dx 
cos k+n ~ l LuxU k+nfi (x) 



(73) 



Then, according to Eqs.([0|) and (0), we obtain the final Rodrigues formula 
of the normalized energy eigenfunctions of the PT models in proper frames, 



LU 



LO 



T{2k + n)T(k + n + 1) 



x(l 



UJ u ) 



T(2k + 2n)T(k + n + \) 

k -i d n 



du n 



uJ 2 u 2 ) k+r 



(74) 



In the same way we can derive the Rodrigues formula for the normalized 
energy eigenfunctions of the RM models. By using the Eqs.(|68D and ([72]) 
we find the normalized energy egenfunctions of the discrete spectrum in the 
proper frame, 



Uj,n{u) 



LO 
7T 



2\ 4 



-1)" 



UJ 1 



r(2j-2n + l)r(j 



n + ±) 



T(2j-n + l)T(j 



n) 



x(l +uj 2 u 2 ) 1 ^ 1 



d n 
du n 



1 +lu z u 



2„2\-j+n- 



(75) 



Of course, as it was expected, this formula gives square integrable functions 
only for n < n max . On the other hand, here the problem of "normalization" 
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of the generalized energy eigenfuntions of the continuous spectrum remains 
open since there are not yet efficient procedures for doing this. 

Hence we have obtained the definitive formulas of the normalized energy 
eigenfunctions of our RO corresponding to the discrete energy levels. These 
can be written now in terms of Jacobi or Gegenbauer polynomials |L6) and 
even as associated Legendre functions [|13|, [17] but only when k and j are 
integer numbers. In the particular case of the PT model with k = 1 the 
trigonometric form ( p9[) can be derived from Eq. ([F4]) by using the properties 
of the Tchebyshev polynomials. 

In Sec. 3. 3 we have seen that the normal RO has the same energy eigen- 
functions as the NRHO. Now, by taking into account that for large argu- 
ments, z, we have T(z + a)/T(z + b) ~ z^^ and by using Eqs.([H]) we verify 
directly that 

\imU Kn {u) = lim^nH = U^\u) . (76) 

Because of these properties we can say that the eigenfunctions ([T3|) and ([T5|) 
represent relativistic generalizations of the NRHO eigenfunctions, different 
from that of the algebraic method ||. 



5 Shift operators 



In our models only one main quantum number is involved and, therefore, 
in each model we must have a pair of shift operators, i.e. the rising and the 
lowering operators of the energy basis. In general, the shift operators are 
different from those of the supersymmetry apart the shift operators of the 
normal RO that are up to factors just those of the supersymmetry since this 
model is its own superpartner. 

Let us start with this simplest case since here the energy eigenfunctions 
are similar to those of the NRHO. Consequently, we can take over the well- 
known results from the nonrelativistic theory defining the differential opera- 
tors 

(at[/)(«) 



/ ( -T- +muju]u(u), (77) 
V2mcu \du J 

-7^=(-^- + muJu)u(u). (78) 
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of the Heisenberg-Weyl algebra. Obviously, they are the desired shift op- 
erators which obey [a, at] = 1 giving us the operator of number of quanta 
N = a^a and 



X 



a T + a) , P 



\j2muj 

Moreover, it is natural to find that 



muj 



a 1 - a . 



limAi- = limA,- = \J 2muj a . 



(79) 



(80) 



For the models with A ^ the shift operators differ from those of su- 
persymmetry. They can be calculated directly by using the action of the 
supesymmetry operators and the form of the normalized energy eigenfunc- 
tions derived above. In the case of A = — e 2 , after a few manipulation, we 
find that the shift operators of the PT model (k) can be defined in the proper 
frame as 



(A ky(+) U k , n )(u) = 
Their shifting action is 



1 



1 



LuV2k 



-(1 - lj 2 u 2 )-^- + u 2 u{k + n) 
au 

[1 - lu 2 u 2 )-^- + LU 2 u(k + n) 
du 



Hi 



U k>n {u), {81) 



U k Ju) 



where 



(+) 



2k 



C. 



H 

k,n 



2k 



(2k + n)(k + n) 
k + n + l 

(2k + n- l)(k + n 
k + n — 1 



Vn+1 



n . 



(82) 
(83) 

(84) 
(85) 



If we rewrite the action of the operators ( |5T]) and ( |8"2"D in the special frame 
(t, x) then we recover the result of Ref.|13[. Furthermore, we can verify the 
commutation relation 



[Afe,(_), A fc) ( + )]C4 )T1 



n 



1 + 7; ) C4,n 



(86) 
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and the identity 

2kA kt(+) A k ^ ) U ktn = n(2k + n- l)U k>n (87) 
which is just the Klein-Gordon equation in operator form ||. In the limit 



we have 



lim A 



) - a f ; liniA/,,: : 



a . 



(88) 



With the same procedure we find the shift operators of the RM model 
(j) in the proper frame, 



( A j,(+)^>)( M ) = 

( A j,H U i,n)(u) = 
which have the action 
A i,(+) f/ i,« = 



1 



1 



d 



1 + u 2 u 2 ) — + cu 2 u(j -n) 
du 



d 



(1 + Cj 2 u 2 ) — + LJ 2 u(j - n) 
du 



U j>n (u) , (89) 
U j>n (u) , (90) 



where 



C 



(+) 



/2J 



C 



(-) 



/2j 



(2j — ra)(j — ra) 
j - n - 1 

(2j -n + -n 



Vn + 1 



(91) 

(92) 
(93) 



1--\U. 



j — n + 1 

They obey the commutation rule 

[ A j,(-)> A i,(+)]^> 

\ J / 

and give us the operator form of the Klein-Gordon equation for discrete 
levels, 

2jA u+) A jt{ _ } U jin = n{2j -n+ l)U j>n . (95) 
Finally we find that 

J™ A i,(+) = at > Aj, ( _) = a . (96) 

We must specify that the shift operators of the models with A ^ have 
two important properties, namely: they are not pure differential operators on 
£ 2 (D u ,fi) and, moreover, the raising and lowering operators are not adjoint 
with each other, i.e. A.k,(±) 7^ ( A fe,(T))^ anc ^ similarly for the RM models. 



(94) 
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6 Comments 



In this article we have studied the quantum modes of a family of (1+1) RO 
by using the methods of a supersymmetric relativistic quantum mechanics 
similar with the well-known nonrelativistic one. This was possible since the 
form of the Klein-Gordon equation in the special frames is very close to 
that of the Schrodinger equation, allowing us to introduce the relativistic 
potentials involved in supersymmetry and to exploit their shape invariance. 

However, our relativistic theory has some new interesting features due to 
the fact that the mass is not only involved in the formula of the energy levels 
but also plays here the role of a coupling constant. For this reason there are 
some kind of regularities leading to a very simple parametrization in a such 
a manner that for any pair of superpartner models we have either Ak = ±1 
or Aj = =1=1. Thus k and j simulate the behavior of quantum numbers even 
though they can not be considered as eigenvalues of self-adjoint operators 
[§]. On the other hand, the models with superpartner potentials can be seen 
as having particles of different masses moving on the same background. The 
consequence is that the masses of the sets of superpartner PT or RM models 
appear as being quantized according to the formulas m\ = e 2 uj 2 k(k — 1) 
and m 2 = e 2 Cj 2 j(j + 1) respectively. These remarkable properties helped 
us to easily write down the Rodrigues formulas of the normalized energy 
eigenfunctions of the discrete spectra and to find the corresponding shift 
operators. 

Concluding we can say that our family of models brings together the main 
solvable problems with parity-symmetric potentials of the one-dimensional 
quantum mechanics, interpreted as relativistic oscillators in the sense that 
all these models (apart those with k = 1 and j = 0) lead to the NRHO in 
the nonrelativistic limit. 
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